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Abstract

Two-dimensional steady free convection in a square cavity bounded by isothermal vertical walls at different temperatures and adiabatic
horizontal walls has been studied numerically by adopting a two-temperature model of heat transfer. Such a model, which allows the fluid
and solid phases not to be in local thermal equilibrium, is found to modify the flow behaviour and heat transfer rates. Knowledge of this
behaviour is important for the design of thermal insulation systems and other practical applications. As far as we know, this problem has not
yet been studied in the available literature. 2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

Free convection in porous media occurs in many sys-
tems and in nature including geophysical, environmental and
technological problems. Such problems are of great inter-
est, for example, in the utilisation of geothermal energy,
high-performance building insulation, post-accident heat re-
moval from pebble-bed nuclear reactors, multishield struc-
tures used in the insulation of nuclear reactors, pollutant dis-
persion in aquifers, solar power collector, etc. The state-of-
the-art has been very well summarised in the recent books
by Nield and Bejan [1], Ingham and Pop [2], Vafai [3] and
Pop and Ingham [4].

The problem of free convection flow in differentially
heated cavities, with top and bottom walls insulated, and
filled with Darcian or non-Darcian fluid-saturated porous
media, is of fundamental interest to many technological ap-
plications in the modern industry. Walker and Homsy [5],
Bejan [6], Prasad and Kulacki [7], Gross et al. [8] Becker-
mann et al. [9], Lai and Kulacki [10], Manole and Lage [11],
Choi et al. [12], Mamou et al. [13], Baytas and Pop [14,15]
and Baytas et al. [16] have contributed with some very im-
portant theoretical results to this topic.
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However, it was assumed in these studies that the con-
vecting fluid and the porous medium are everywhere in local
thermodynamic equilibrium. The inclusion of more physi-
cal realism in the Darcian fluid model is, however, impor-
tant for the accurate modelling of any practical problem. Al-
though the problems of convective heat transfer in porous
cavities when the fluid and the porous medium are in the lo-
cal thermodynamic equilibrium have received great attention
in the literature, the analyses devoted to convective flows
using a thermal nonequilibrium model are to our knowl-
edge scarce. A literature search indicates that this model
of porous medium convection has been first considered by
Combarnous [17], and Combarnous and Bories [18] and
very recently by Banu and Rees [19] for the Darcy–Benard
convection. Also, Vafai and Sozen [20], Kuznetsov [21–23]
and Kuznetsov and Vafai [24] have considered this model
for the forced convection flow in a packed bad. Actually,
in the studies of Kuznetsov [21–23], phase difference was
suggested to occur between the propagating waves in fluid
phase and solid phase due to the effects of thermal nonequi-
librium model adopted. However, in the papers by Vafai and
Sozen [20] and Kuznetsov and Vafai [24], effects of non-
equilibrium were suggested to be more significant at higher
Reynolds number and for higher porosity. High velocity and
high porosity are the conditions that are often encountered
in regenerators (see, [25]). Therefore, adoption of thermal
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Nomenclature

cp specific heat of fluid at constant
pressure . . . . . . . . . . . . . . . . . . . . . . . . J·kg−1·K−1

D height of porous cavity . . . . . . . . . . . . . . . . . . . . m
g acceleration due to gravity . . . . . . . . . . . . . m·s−2

h volumetric heat transfer coefficient between
solid and fluid . . . . . . . . . . . . . . . . . . W·m−2·K−1

H dimensionless scaled value ofh
k thermal conductivity . . . . . . . . . . . . W·m−1·K−1

K permeability of the porous medium. . . . . . . . m2

Nu average Nusselt number
Ra modified Rayleigh number for a porous medium
T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
u,v velocity components alongx andy axes m·s−1

x, y Cartesian coordinates . . . . . . . . . . . . . . . . . . . . . m

Greek symbols

α thermal diffusivity . . . . . . . . . . . . . . . . . . . m2·s−1

β coefficient of thermal expansion . . . . . . . . . K−1

γ modified conductivity ratio
ε prescribed error
Γ thermal diffusivity ratio
ν fluid kinematic viscosity. . . . . . . . . . . . . . m2·s−1

θ dimensionless temperature
φ porosity
ρ fluid density . . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

ψ stream function . . . . . . . . . . . . . . . . . . . . . . m2·s−1

nonequilibrium model is important in the study of thermal
performance of regenerators.

A recent restatement of the full equations has been pre-
sented by Nield and Bejan [1], where the equations govern-
ing the evolution of temperature in the solid and fluid phases
are coupled by means of terms allowing the local transfer of
heat to be proportional to the local temperature difference
between the phases. The review papers by Kuznetsov [26]
and Vafai and Amiri [27] give detailed information about
the research on thermal nonequilibrium effects of fluid flow
through a porous packed bed. The effects of adopting of this
model on the free convection boundary-layer over a vertical
flat plate and near the lower stagnation point of a cylindrical
surface embedded in a fluid-saturated porous medium have
been studied recently by Rees and Pop [28,29].

Motivated by the recent papers by Rees and Pop [28,29],
the aim of the present paper is to study the steady state free
convection in a square porous cavity using a nonequilibrium
model of microscopic heat transfer between the fluid and the
solid phase of the porous medium. To our best knowledge,
such an investigation has not been reported to date. The
results reported here have been obtained numerically by
solving the evolutionary model using a cell-centered finite
volume scheme and the Alternating Direction Implicit (ADI)
method for a range values of parameters like the solid/fluid-
scaled heat transfer coefficient(H) and the porosity-scaled
conductivity ratio(γ ) for a value of the Rayleigh number
Ra = 103. Results are presented in terms of isotherms,
streamlines and average Nusselt numbers for the fluid and
solid phases at the heated vertical wall. It is shown that
the effects of the parametersH andγ on the flow patterns
and heat transfer rates exhibit a distinct difference from
those of a classical square cavity filled with a fluid-saturated
porous medium in a local thermodynamic equilibrium. It
is also found that the variation of the average Nusselt
numbers for the fluid and solid phases is qualitatively similar
to that observed in the case of vertical free convection

boundary-layer flow embedded in a porous medium when
the nonequilibrium model is considered.

2. Basic equations

Consider a fluid-saturated porous medium enclosed in a
square cavity of heightD. It is assumed that the vertical
walls are at the isothermal temperaturesT H and T C,
whereTH > TC, and the two horizontal walls are adiabatic.
The geometry of this cavity together with the coordinate
system is illustrated in Fig. 1. In the porous medium,
Darcy’s law is assumed to hold, the fluid is assumed to
be a normal Boussinesq fluid, and the viscous drag and
inertia terms of the momentum equations are negligible.
Further, we assume that the convecting fluid and the porous
medium are not in local thermodynamic equilibrium and,
therefore, a two-temperature model of microscopic heat

Fig. 1. Physical model and coordinate system.
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transfer applies. Under these assumptions, the conservation
equations for mass, momentum and energy for the unsteady
two-dimensional flow in the porous cavity are, see Rees and
Pop [29],

∂u

∂x
+ ∂v

∂y
= 0 (1)

∂u

∂y
− ∂v

∂x
= −gKβ

ν

∂Tf

∂x
(2)

ϕ(ρcp)f
∂Tf

∂t
+ (ρcp)f

(
u
∂Tf

∂x
+ v ∂Tf

∂y

)

= ϕkf

(
∂2Tf

∂x2
+ ∂2Tf

∂y2

)
+ h(Ts − Tf) (3)

(1− ϕ)(ρcp)s∂Ts

∂t

= (1− ϕ)ks

(
∂2Ts

∂x2 + ∂2Ts

∂y2

)
+ h(Tf − Ts) (4)

whereu andv are the velocity components alongx- andy-
axes,t is the time,g is the acceleration due to gravity and
T is the temperature, where the f and s subscripts denote
the fluid and solid phases, respectively. The following are
the other fluid and porous medium properties:K is the
permeability of the porous medium,φ is the porosity,ν is the
fluid kinematic viscosity,ρ is the density,cp is the specific
heat at constant pressure,k is the thermal conductivity and
h is a volumetric heat transfer coefficient that is used to
model the microscopic transfer of heat between the fluid and
solid phases.

We introduce now the following non-dimensional vari-
ables

τ = kf

(ρcp)fD2 t

(X,Y )= (x, y)

D
, (U,V )= (u, v)D

αf
(5)

θf = Tf − T0

TH − TC
, θs = Ts − T0

TH − TC

whereT0 = (TH + TC)/2. Using these variables along with
the non-dimensional stream functionψ defined in the usual
way asU = ∂ψ/∂X andV = −∂ψ/∂Y , Eqs. (1)–(4) can be
written as

∂2ψ

∂X2 + ∂2ψ

∂Y 2 = −Ra
∂θf

∂X
(6)

∂θf

∂τ
+ ∂ψ

∂Y

∂θf

∂X
− ∂ψ

∂X

∂θf

∂Y
= ∂2θf

∂X2 + ∂2θf

∂Y 2 +H(θs − θf) (7)

Γ
∂θs

∂τ
= ∂2θs

∂X2 + ∂2θs

∂Y 2 + γH(θf − θs) (8)

where the non-dimensional parametersH , γ and Γ are
defined as

H = hD2

ϕkf
, γ = ϕkf

(1− ϕ)ks
, Γ = αf

αs
(9)

with αf andαs being the thermal diffusivities of the fluid
and solid phases, respectively. Further,Ra is the modified
Rayleigh number, which is defined as

Ra = gKβ(TH − TC)D

ϕαfν
(10)

The initial and boundary conditions of Eqs. (6)–(8) are

τ = 0:ψ = θf = θs = 0 atX = 0,1
andY = 0,1

τ > 0:ψ = 0, θf = 1

2
, θs = 1

2
onX = 0

ψ = 0, θf = −1

2
, θs = −1

2
onX = 1

ψ = 0,
∂θf

∂Y
= ∂θs

∂Y
= 0 onY = 0,1

(11)

The physical quantities of most interest are the fluid and
solid phases average Nusselt numbers at the vertical walls,
which are given by

Nuf =
1∫

0

(
− ∂θf
∂X

)
X=0,1

dY

(12)

Nus =
1∫

0

(
−∂θs
∂X

)
X=0,1

dY

3. Results and discussion

The results presented here are based on the steady state
results obtained from the transient solutions of Eqs. (6)–
(8) subject to the boundary conditions (11). A cell-centered
finite volume scheme is applied to solve the flow equation
and the energy equations for the solid and fluid phases. The
Alternating Direction Implicit (ADI) scheme as developed
by Douglas and Paceman [30] has been used. A non-
uniform grid of (42× 42) sizes in(X,Y ) directions were
found to be suitable and the time step is%τ = 10−4. The
iteration process is terminated when the following criterion
is satisfied∑
i,j

∣∣χn+1
i,j − χni,j

∣∣/∑
i,j

∣∣χn+1
i,j

∣∣ � ε (13)

Fig. 2. Isotherms and streamlines for the case of equlibrium model.
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Fig. 3. Isotherms for fluid and solid and streamlines for the case of nonequlibrium model forγ = 0.01, 1.0, 10, 50, 1000 andH = 10.
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Fig. 4. Isotherms for fluid and solid and streamlines for the case of nonequlibrium model forγ = 0.01, 1.0, 10, 50, 1000 andH = 50.
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Fig. 5. Isotherms for fluid and solid and streamlines for the case of nonequlibrium model forH = 1, 10, 50, 100, 500 andγ = 10.
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Fig. 6. Isotherms for fluid and solid and streamlines for the case of nonequlibrium model forH = 1, 10, 50, 100, 500 andγ = 50.
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Table 1
Values of the average Nusselt numbersNuf andNus for Ra = 103

H γ = 1 γ = 10 γ = 50 γ H = 0.5 H = 1

Nuf Nus Nuf Nus Nuf Nus Nuf Nus Nuf Nus

1 14.61 1.077 14.63 1.488 14.66 2.599 0.001 14.65 1.048 14.61 1.035
5 14.36 1.260 14.44 2.591 14.64 4.633 0.005 14.65 1.048 14.61 1.035

10 14.14 1.476 14.51 3.350 14.63 5.758 0.01 14.65 1.049 14.61 1.035
50 13.43 2.505 14.40 5.697 14.60 8.687 0.05 14.65 1.049 14.61 1.037

100 13.10 3.182 14.34 6.892 14.58 9.945 0.1 14.65 1.051 14.61 1.039
500 12.24 5.108 14.16 9.711 14.54 12.42 1.0 14.65 1.071 14.61 1.077

1000 11.79 5.984 14.08 10.80 14.53 13.18 1.5 14.65 1.082 14.61 1.100
3000 11.01 7.248 13.96 12.19 14.51 13.95 2.0 14.65 1.093 14.61 1.124
5000 10.66 7.741 13.92 12.68 14.51 14.15 2.5 14.65 1.105 14.61 1.148

Fig. 7. Variation of the average Nusselt numbers withH for different values
of γ .

whereχ stands forψ or θf andθs; n denotes the iteration
order andε is a prescribed error, whereε = 10−4 for
the temperature andε = 10−5 for the stream function,
respectively. This method has been very successfully used
recently by Baytas and Pop [14,15] and Baytas et al. [16]
and it is therefore unnecessary to describe it here.

The results were obtained for some values of the parame-
tersH (the solid/fluid-scaled heat transfer coefficient) andγ
(the porosity-scaled conductivity ratio) varying in the range
0 � H � 5000 and 0� γ � 5000, respectively, and a value
of the Rayleigh numberRa = 103. Isotherms and stream-
lines are presented in Figs. 2–6, while the average Nusselt
numbers are illustrated in Figs. 7 and 8. Fig. 2 shows the
isotherms and streamlines for the case of the classical square
porous cavity filled with a fluid-saturated porous medium,
which is in thermodynamical equilibrium (see, [14]). How-
ever, for the case of nonequilibrium model, Figs. 3 to 5
show that the parameterγ does not considerably affect the
isotherms and streamlines for the fluid phase whenH is not
to high, whilst the isotherms of the solid phase are substan-

Fig. 8. Variation of the average Nusselt numbers withγ for different values
of H .

tially affected. Thus, it is clear from the isotherms plots that a
state of local thermal equilibrium, indicated by the isotherms
for the two phases being virtually coincident, is reached for
large values ofγ . A large value ofγ corresponds to the
fluid having a high thermal conductivity relative to the solid,
thereby allowing the fluid properties to dominate the devel-
opment of the flow. However, we notice that for the range
values of the parameters used, there has not been observed a
wave which forms due to the temperature difference between
the fluid and solid phases as in the problem of forced con-
vection in a porous packed bad studied by Kuznetsov [21,
23].

Further, Table 1 shows some values of the average Nus-
selt numbersNuf andNus for the fluid and solid phases for
Ra = 103. It is worth mentioning that for the case of equi-
librium model the value ofNuf obtained here isNuf = 14.06
which is in very good agreement with the value reported,
for example, by Gross et al. [8],Nuf = 13.448 and Manole
and Lage [11],Nuf = 13.637. On the other hand, Table 1
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and Figs. 7 and 8 show that the values ofNus are smaller
than those ofNuf . However, these values tend asymptoti-
cally to the same value as bothγ andH increase. This is in
agreement with the results reported by Rees and Pop [28,29]
for the case of boundary layer flow over a vertical surface
or near the lower stagnation point of a cylindrical surface
placed in a porous medium. It is also seen from Table 1 and
Fig. 7 that whenH is small there is a very substantial dif-
ference between the heat transfer rates of the fluid and solid
phases, indicating that nonequilibrium effects are stronger
whenH is small, which is not surprising sinceH is a mea-
sure of the ease with which heat is transferred between the
phases. Therefore, the nonequilibrium effects are very strong
whenH is small. AsH increases the heat transfer between
the phases occurs more readily and this is reflected by the
increasing similarity between the heat transfer rates of the
phase. For very large values ofH we have almost recovered
the thermal equilibrium case where the fluid and solid tem-
perature fields are identical. Variations ofNuf andNus with
γ are shown in Fig. 8 forH = 10 and 50. This figure shows
that the same qualitative effects are obtained as variations
in H . Thus, large values ofγ reduce the nonequilibrium ef-
fects. However, the values ofNus are much lower than those
of Nuf . This can also be seen from Table 1.

4. Conclusions

Steady-state flow and heat transfer characteristics have
been investigated for the free convection flow in a square
cavity filled with a porous medium assuming a nonequilib-
rium model of thermal energy transport. It is found that such
a model modifies substantially the behaviour of the flow
characteristics, particularly those of the local heat transfer
coefficients. Although, we have considered a square porous
cavity, there are no previous theoretical and experimental re-
sults against which our results can be compared. However,
the results for the local heat transfer rates are found to be in
excellent agreement with some published data for the case
of vertical free convection boundary-layer flow in a porous
medium when the convecting fluid and the porous medium
are not in thermodynamic equilibrium. Further research will
be done by adopting this two-temperature model for other
geometrical configurations, as well.
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